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We develop a theory on a topologically non-trivial manifold which leads to different vacuum back- 
grounds at the field level. The different colors of the same quark flavor live in different backgrounds 
generated by the action of the torsion subgroup of H'^(M, 2nZ) on H'^{M, 2nZ) itself. This topo- 
logical separation leads to a quark confinement mechanism which does not apply to the baryons as 
they turn out to live on the same vacuum state. The theory makes some topological assumptions on 
the spacetime manifold which are compared with the available data on the topology of the Universe. 
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INTRODUCTION 

The Standard Model is based on the gauge group 
U{1) (g) SU{2) ® SU{3). In this work we are going to 
exploit the relation between the U{1) and the SU{3) sec- 
tors in spacetime manifolds M with non-trivial topology. 
The idea, clarified below, is that each particle can be 
identified, at the electromagnetic level, with a cohomol- 
ogy class on (M, 27rZ) . If the topology is not triv- 
ial and H'^{M,2ttZ) admits a torsion subgroup of order 
three then there is a natural action of this subgroup on 
_ff^(Af, 27rZ) which produces orbits with three elements. 
The three cohomology classes identify three 'particles' 
that behave in the same way but that do not coincide. 
We identify these three particles with the three colors of 
the same quark flavor. Thus for every cohomology class 
on (M, 27rZ) we have three equivalent copies which 
are the different colors of the 'same' particle. The non- 
triviality of the torsion subgroup implies that the dif- 
ferent color fields are not described by the usual electro- 
magnetic gauge theory unless the gauge group is enlarged 
to include a SU{3) factor. In this case the usual gauge 
theory is restored although it turns out to be based on 
a SU (3) principal bundle which is non-trivial. Far from 
being a drawback this non-triviality is at the hearth of 
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a possible confinement mechanisms which we outline in 
section . 

The close relationship obtained here between the 
(topological) aspects involved in the U{1) sector and the 
SU{3) sector was expected to be needed 0, Q in order 
to reach a deeper understanding of electric charge quan- 
tization and quark confinement. 

Remarkably, the developed theory has cosmological 
consequences as it is based on some hypothesis on the 
topological structure of spacetime. The connection with 
cosmology is clear under the assumption that the non- 
trivial topology manifests itself at the largest length 
scales. Under this assumption our particle model could 
have been falsified by cosmological observations, and pro- 
vides an example of interaction between very small scale 
physics and very large scale physics. These aspects are 
considered in the last part of the work where it is shown 
that the latest cosmological data are compatible with our 
model. 



PARTICLES AND COHOMOLOGY CLASSES 

For simplicity in what follows we shall ignore the SU (2) 
sector of the Standard Model. Alternatively the reader 
can think of the following fields as the right-handed com- 
ponents of the particle considered, since these compo- 
nents in the Standard Model transform with the SU (2) 
trivial representation. As a consequence of our simplifi- 
cation the U{1) sector can be identified with the electro- 
magnetic sector. 

In order to fix the ideas let us focus on the quark fia- 
vor d of charge q — e/3, and on its three colored fields 
J(r), d{g) and d{b). According to the usual treatment 
of the U{1) gauge theory |Q] the matter fields are sec- 
tions of a suitable 1-dimensional vector bundle associ- 
ated with a universal U{1) bundle Q. On the bundle Q 
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a (electromagnetic) connection l-form uj can be defined 
and all the fields can be considered as suitable sections of 
vector bundles associated to it through a representation 
Pn '■ U{1) ^ C of the form u ^ where nq, rt S N, is 
the (electric) charge of the particle. Sometimes it can be 
convenient to regard a particle as a section of a vector 
bundle associated to the bundle Q" under the trivial rep- 
resentation pi . We shall use this point of view as it allows 
to associate each kind of particle with a certain principal 
U{1) bundle. For instance, the three colored components 
of d live on the same vector bundle. We denote this fact 
by writing down the U{1) bundles associated to them 

d: Q, Q, Q. (1) 

For the antiparticlc d and the flavor u we have 

d : Q-\ Q-\ Q-\ (2) 
u : , , Q'. (3) 

The manifold M admits a good covering {Ui\. On each 
open set Ui there is a local potential l-form such that 
on the intersections Uij = Ui Ci Uj, dA^ = dA^ , that is 
the curvature 2-form of the U{1) sector is globally well 
defined. These 1-forms are the puUbacks of the connec- 
tion l-form UJ under the trivializing sections ai : Ui ^ Q. 



Let Qij 



Oi o a. 



giftj ]-,g lY^Q transition functions. A 



particle is represented on each set Ui by a field V'* that 
in the intersection Uij transforms as [1^] 

A' ^ A^+dp'i, (4) 



(5) 



In particular the colored components associated with the 
same quark flavor, say u, transform in the same way 

u'{r) = e'^f^^'u^ir), (6) 



u\b) = e*2^"w^(6). 



(8) 



However, this formalism although successful does no ac- 
comodate in a simple way the observational fact that 
there are actually two fundamental electric charges, say 
the fundamental unit q, and the fundamental unit for 
baryons and leptons e = iq. 

Consider the short exact sequence 



27rZ 



Q.x.p{ix) 



(7(1)^1, 



(9) 



ttZ. It gives rise to the 



where we identify U{\) and 
long exact sequence 

. . . ^ H^{M, 27rZ) ^ H^{M, R) ^ 

H^{M,U{1)) ^ H^{M,2ttZ) ^ H^{M,R) ^ .. ., 

where Im(77) = Ker(7) is the torsion subgroup of 
H'^{M, 27rZ). We recaU that classes in iJi(M, C/(l)) can 
be identified with the isomorphisms classes of flat bundles 
and the torsion classes, but for the zero class, represent 
those flat bundles which are not trivial. 



THE TORSION SUBGROUP 

In [l3l it has been recognized that the usual gauge 
principle can be generalized in a way compatible with 
the Standard Model. In this generalization the transi- 
tion functions of two different fields may not necessarily 
be the same as they could differ locally by a constant 
(weak gauge principle). Thus Eqs. (O-® can be suit- 
ably generalized. 

In a simply connected spacetime this generalization 
does not lead to a different physics. Nevertheless, if 
H'^{M,2ttZ) contains a non-vanishing torsion subgroup 
then a new interesting physics arises . Indeed, let us as- 
sume that the torsion is a cyclic subgroup {K) of order 
three (i.e. isomorphic to Z/3) generated under tensor 
product by a non-trivial flat bundle K. This subgroup 
acts on i?^(M, 27rZ) generating orbits containing three 
elements. 

In our formalism the colored components live on vec- 
tor bundles associated with different U{1) bundles, the 
different C/(l) bundles being on the orbit generated by 
the action of {K) on H^{M, 27rZ). Thus for instance the 
colors of the generation {u, d) live in 



u 
d 



Q- 



Q- 



K , 



(10) 
(11) 



for a suitable choice of representant Q on the orbit of 
the U{1) principal bundles associated to d. The fact that 
there is a freedom in choosing the initial principal bundle 
Q, manifests itself in a cyclic symmetry generated by the 
replacements Q — > Q ® K. The next flavor generations 
(c, s) and (i, h) live on the same principal bundles. For 
instance c(r) is a section on the same vector bundle that 
corresponds to u{r), i.e. on a vector bundle associated to 

To fix the ideas consider the (gauge) transformation of 



the colored fields for the flavor u from Uj to Ui 



A' = A^+dP'^, 



= e*2/3-M^(r), 
= e*2/3-+^'="w^(g), 
u\h) = e^2/3'^+^2fc-^^(&). 



u\r) 
u\g) 



(12) 
(13) 
(14) 
(15) 



here e are the constant transition functions of the flat 
bundle K. Since is a trivial flat bundle fc*-' e ^Z, 
up to constant terms /i* — that can be absorbed with 
a redefinition of the fields on each set. 



THE SU{i) SYMMETRY 

As explained in [lol | , according to the weak gauge prin- 
ciple the principal bundle associated to a matter field 
is not always the power of a universal root bundle Q. 
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There can be a flat bundle factor that may diff'er from 
matter field to matter field. It happens that in the par- 
ticular case considered here, where all these flat bundles 
are powers of the non-trivial flat bundle K, the matter 
fields can be described through a usual gauge theory at 
the price of enlarging the dimension of the gauge group. 
Indeed, the previous transformation can be regarded as 
a U{1) transformation (because the bundle Q has tran- 
sition functions e*'''^) times a SU{i) transformation of 
matrix 




















where Sij are interpreted as the transition functions of a 
non-trivial SU{i) principal bundle S = ® K ® K'^, 
which is non-trivial because of the non-triviality of K. 
In this alternative setting the triplet of fields of different 
colors are regarded as a unique section of a 3 (complex) 
dimensional vector bundle associated to the non-trivial 
principal bundle over the group C/(l) ® 51/(3), Q ® S. 

Summarizing, the existence of non-trivial flat bundles 
(i.e. non-trivial elements in the image of rf) in the man- 
ifold M, allows for a non-standard gauge theory of the 
U{\) sector in which no universal root bundle exists. In 
order to reestablish the usual gauge theory one is forced 
(if possible) to enlarge the dimensionality of the gauge 
group so that the matrices Sij can be interpreted as 
transition functions of another universal principal bun- 
dle. Thus topological aspects on the behavior of the U (1) 
gauge symmetry on the manifold naturally lead to the in- 
troduction of the larger gauge group U {l)®SU{m) where 
m is the order of the cyclic torsion subgroup generated 
by K (m=3 in our case). 

One can also keep considering the colored components 
of a matter field as distinct sections of vector bundles 
associated to bundles of the form Q" ® . Neverthe- 
less, the interpretation of the SU{i) symmetry takes in 
this case a rather unusual form. The standard treatment 
regards it as a Lagrangian symmetry under SU{i) trans- 
formations of the (vertical) flavor vectors, for instance for 
u we have 




u, 



gg 




^Ubr Ubg Ubb 



In our case U can not be a matrix whose coefficients are 
complex numbers, as u'{r) must live in the same vector 
bundle as u{r) (and analogously for u(g) and u{b)). As 
a consequence, the components of U must be taken to 
be sections of vector bundles associated to K"^ with the 
following exponents 

K K° 



The matrix U becomes a 5*17(3) matrix only if a local 
section of K is chosen. At the intersection Uij the trivi- 
alizing section changes with transition function e*'^*^ , and 
the complex representant changes as 

/ Urr 



rg 



U p' 



Urbe 



ik^- 



\Ubrl 



Ug 

Ubqe 



A2k'^ 



Ubb 



It is easily seen that a change of section sends SU (3) ma- 
trices to SU{3) matrices. In this model the U{1) vector 
bundles are the building blocks from which the SU (3) 
invariance is constructed. We mention that, following a 
different route, the authors of 0, [3] also advocated the 
need for a unification of the U{1) and SU{3) sectors in a 
suitable gauge structure. Their strategy differs from ours 
since we do not need to enlarge the group J7(l) ® SU{3) 
further. 

Taking into account that every baryon is a color sin- 
glet, we have that the principal bundle associated to it 
has the form (Q^)^ for a suitable integer k. In particular, 
it has charge fee. For instance the proton p — dun' has a 
field 

p = d{r)u(g)u'{b) + d{b)u{r)u'{g) + d{g)u{b)u'{r) 

-d{r)u{b)u'{g) - d{g)u{r)u' {b) - d{b)u{g)u' {r) . 

The terms in the sum are sections of the same vector 
bundle (associated to Q^) and for this reason they can be 
summed up. Indeed, the K factors of the U{\) bundles 
associated with the different colors cancel in the prod- 
ucts. The cancellation is a general consequence of the 
fact that the cyclic subgroup {K) is included into SU{'i). 

The C/(l) principal bundles associated with the bary- 
onic fields have a common root which is natural to 
identify with the U{\) principal bundle root of the prin- 
cipal bundles associated to the leptonic fields. Therefore, 
in this model, if quarks are not taken into account, the 
usual U{\) gauge theory, with a universal U{\) bundle 
applies. 



INITIAL CONDITIONS AND DYNAMICS 

Let the spacetime be a direct product between time 
and space M = T x 5, T = M. Since M is contractible 
the cohomology groups depend only on the space mani- 
fold 5, for instance H^{M,2'!tZ) ~ H'^{S,2ttZ). Denote 
with -Ks the projection its '■ M S and let {Vi] be a 
good covering of S. It is convenient to take the good 
covering for M defined by Ui — n^^iVi). The previous 
isomorphism can be regarded as a consequence of the 
following 

Lemma .1. Through suitable changes of sections on each 
Ui one can make the functions (3^^ of the gauge transfor- 
mation between each pair Ui, Uj, to be independent 
of time, dtP'^ = 0. 
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Proof. The functions (3'^^ on the triple intersections give 
through the constant combination ajk = fi'^^ -\-(3^^ +(3^^ a 
class [cy fe] on if^(M, 27rZ) (for the details see Dif- 
ferentiating with respect to time dtfi"^^ +dtf3^'^ +dt(3'^^ — 0, 
which means that dtPij are the transition functions of 
a principal bundle of fiber M and group (R, +). Since 
the fiber is contractible the bundle is trivial and there 
are functions dto^ such that dtfi"^^ + dto^ — dta^ = or 
pi^j _ i^ij _|_ Q,j _ Q,j jg independent of time (a* can be 
chosen such that a* = at time t so that at the same 
time P'^'' = (3^^). Thus a change of section on each Ui 
with transition function e*" makes the functions /3'^ ap- 
pearing in (jl2p independent of time. □ 



Note that the information of the class to which the 
matter field, say belongs in 7J^(M, 27rZ) must be 

provided with the initial conditions {ip^}t=o, otherwise 
the dynamics is in most cases under determined. To see 
this imagine for instance an initial condition such that 
the component tp^ is the only one that differs from zero, 
and the region where it does not vanish is an open set A 



such that A n C/, 



for j ^ i. Then the equations of 



dynamics (suppose they are linear for simplicity) on Ui 
will spread out the region on which ■0* differs from zero, 
say A(t), untill A(t) starts having non empty intersec- 
tions with Uj, j ^ i. At this stage in order to continue 
the evolution of the field, one has to use the dynamics 
equations on V j too, and in order to do this, V'* must 
be transformed into '\\)^ , a step which requires the knowl- 
edge of the transition functions e^i^^^'' in a given gauge. 
In particular we may take the gauge in which are 
constants. 

We conclude that if the dynamics satisfies the gauge 
principle, i.e. the Lagrangian is invariant under weak 
gauge transformations, then the matter field belongs to 
a topological sector that must be specified in the initial 
conditions and which remains unaltered during the evo- 
lution of the field. Thus the dynamics can not transform 
a particle corresponding to a given class of H'^{S,2tt'L) 
into a different class. In our application to the color 
of quarks this means that the dynamics preserves the 
color of a given quark flavor. The class of a particle on 
H^(S, 27rZ) is a true quantum number and in the interac- 
tion of different particles its balance is obtained through 
the usual tensor product rule for principal bundles. 

In general, given a principal U{1) bundle P G 
H^{M,2tt'Z), the principal bundles on the orbit gener- 
ated by the action of (K), 



P, P(g>K, P®K\ 



(16) 



represent different topological (vacuum) sectors of the 
theory. In particular, we may consider the hypothesis 
that the transition between them requires a huge amount 
of energy. As a consequence of this assumption all the 
baryons, sharing a common square root Q'^ would live 



in the same topological vacuum state, while the iso- 
lated quarks would not. The interaction between baryons 
would follow the usual rules of the Standard Model but 
the free quarks would not be seen as the energy required 
to move the state from one topological sector to the other 
would be too high. Examples of this topological mech- 
anism are familiar in physics, they run from the simple 
kink-antikink example to the physics of instantons 



mp i( 



THE TOPOLOGY OF THE UNIVERSE 

The present theory works only in a spacetime manifold 
such that (M, 27rZ) contains a cyclic torsion subgroup 
of order three. This fact could provide a constraint for 
current investigations [H, [1] on the space topology of the 
Universe under the assumption M = 5 x R. Unfortu- 
nately, the recently suggested [1, 0] Poincare dodecahe- 
dral topology, S = V = /T-p does not share this prop- 
erty since H'^{P, 27rZ) = 0. 

The lens space S — L{3,p), for p — 1,2 (L(3,2) is the 
'mirror image' of i(3,l)) is obtained from SU{2) ~ 
by making the quotient with respect to the action of 



with cj e C, w'^ = 1. It provides an example of a homo- 
geneous space compatible with the required cohomology. 
Indeed, using results from [l^ . we find 



W {L{3,p), 27rZ) 



2ttZ, ii j ^ or j = 3, 
27rZ/3, if j = 2, 
0, otherwise. 



If the topological scale of the universe, represented by 
the injectivity radius rinj, is smaller that the radius of 
the surface of last scattering xlsSj then the non-trivial 
topology of the universe would be detectable using the 
CMB-circles in the sky method Both length scales 
have been studied in deep for many candidate topologies 
ll| . In the case of the lens space 1/(3, 1) it has been found 
that the injectivity radius is larger than the radius of the 
last scattering surface as derived from latest cosmological 
data. Indeed, L(3, 1) is a single action manifold Q with 
a cyclic holonomy group of order n = 3 which implies 
Tinj — 7r/n. In [l5| it has been shown that in this 
case xlss > rinj, only if Qtot > 1 -I- 1/n^. Present esti- 
mates of rttot give iltot = 1.02 ±0.02, which rules out the 
possibility of detecting the cosmic topology in the L(3, 1) 
case. The last search of pairs of matching circles in the 
sky has given a null result [4*1 and is therefore compatible 
with a lens shaped Universe L(3, 1). 
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CONCLUSIONS 

In a topologically non-trivial manifold it is possible to 
weaken the gauge principle allowing for U{1) gauge trans- 
formations that only coincide locally for each field up to 
a constant field-dependent phase. In this way the flat 
bundles over the manifold become relevant and two co- 
homology classes on H'^(M, 27rZ), i.e. two particles, may 
differ by the tensor product with a (flat) torsion class. 
Here we have investigated the example of a torsion sub- 
group of order three identifying the orbits of the torsion 
subgroup with the colors of the same quark flavor. 

The theory, as much as baryons and leptons are con- 
cerned, coincides with the usual Standard Model gauge 
theory. Indeed, we have shown that the baryons live on 
the same topological background while the free quarks 
live in different topological backgrounds. We have argued 
that a high transition energy between those backgrounds 
would give a natural mechanism for the quark confine- 
ment. The theory naturally embodies two charge quan- 
tization units which can be identified with (i) (minus) 
the electron charge e, which turns our to be the funda- 
mental charge for those particles that live in the same 
background (baryons and leptons), and (ii) the electric 
quantization unit e/3. 

The theory makes hypothesis on the torsion subgroup 
of iJ^(M, 27rZ) and hence on the topology of the Uni- 
verse. As a working assumption we assumed that the 
non-trivial topology manifests itself at the cosmological 
scale. Thus we tested the simplest homogeneous space 
which satisfies our topological constraint, i.e. the lens 
space L(3, 1). Although according to some authors it is 
not favored [§], this space has not yet been ruled out by 
the latest observations [1]. In any case the lens space 
L(3, 1) represents only the simplest possibility compat- 
ible with this theory. More work is needed to extend 
our study to more general manifolds which satisfy the 
topological constraint. 
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